The Lippmann-Schwinger equation for positronium-proton elastic scattering lacks a first-order term because the center of mass and center of charge are coincident. A consequence of this is that the high-energy behavior of the phase shift is governed by the second-Born approximation. Asymptotic analysis indicates that the high-energy form of the phase shift is ␦ L ϳO(1/k 3 ), where k is the incident positronium momentum. The asymptotic analysis has been confirmed by an explicit close-coupling calculation including the Ps(1s), Ps(2s), Ps(2p), H(1s), H(2s), and H(2p) states. ͓S1050-2947͑96͒05507-2͔ PACS number͑s͒: 34.10.ϩx, 34.90.ϩq, 03.65.Nk In potential scattering, the high-energy behavior of the elastic-scattering amplitude for a system with a well-behaved local potential is known to be dominated by the first Born approximation to the scattering amplitude ͓1͔. To be specific, as the incident momentum approaches infinity, the phase shifts take the asymptotic form
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with the constant of proportionality given by the integral ͓1͔ ͐ 0 ϱ V(r)dr.
In this work we demonstrate that this rule needs to be modified for the fundamental three-body atomic system consisting of an electron, a positron, and a proton. The interaction kernels for the positronium-proton and positronhydrogen entrance channels have some subtle differences. These differences lead to distinctly different behavior in the elastic-scattering phase shifts for the two entrance channels at high energies.
By making an expansion over a finite set of hydrogen and positronium target states, the Schrödinger equation for this system can be written as a set of close-coupling equations which are most conveniently expressed in terms of a set of coupled Lippmann-Schwinger equations ͓2͔. For a positronium atom ͑in state ⌽ ␤ ) with momentum k incident on a proton, the equations are
The term V labels the interactions between the different classes of channels, with ⌽ ␤ and ⌿ ␣ denoting the positronium and hydrogen channels, respectively. In one respect, the equation that describes positroniumproton scattering, ͑2a͒, is unusual in that the matrix element, ͗kЈ⌽ ␤ Ј ͉V͉k⌽ ␤ ͘ϭ0 when ␤ϭ␤Ј. The lack of a first-order term for positronium-proton elastic scattering is a consequence of the center of mass and the center of symmetry of the positronium atom being coincident, and this leads to matrix elements vanishing between positronium states of the same parity. On the other hand, the first Born term, Eq. ͑2c͒, is present for positron-hydrogen scattering. Hence at high energies the elastic-scattering amplitude for positronhydrogen and positronium-proton scattering will be dominated by the first Born approximation and the second Born approximation, respectively. These two amplitudes have *Permanent address: Department of Mathematics, University of Malaya, 59100 Kuala Lumpur, Malaysia.
PHYSICAL REVIEW A AUGUST 1996 VOLUME 54, NUMBER 2 54 1050-2947/96/54͑2͒/1720͑3͒/$10.00 1720 © 1996 The American Physical Society completely different asymptotic forms, and this is reflected in the behavior of the phase shifts as the energy goes to infinity. Let us consider the behavior of the phase shifts for positron-hydrogen scattering. The static potential in the entrance channel is (1ϩ1/r)e Ϫ2r , ͑in a.u.͒, which is singular at the origin. Therefore, the asymptotic form given by Eq. ͑1͒ has to be modified. It is not difficult to show that the phase shifts for the first Born term have the behavior
where k is the wave number of the incident positron. Hence the phase shifts decrease more slowly than they do for shortrange bounded potentials.
Before discussing the detailed behavior of the positronium-proton phase shifts, it is worthwhile making some observations about the importance of the individual terms. The second Born approximation is obtained by replacing T with V in Eq. ͑2a͒. Looking at the contribution of the different intermediate states at high energies, it is straightforward to show that dominant contributions will arise from virtual excitations to positronium states. Contributions through hydrogen states involve rearrangement matrix elements which decrease very quickly at high energy. In addition, the only positronium states that will contribute to the second Born amplitude are those with negative parity, since the matrix element connecting different positronium states is zero for states of the same parity ͓3,4͔. Therefore, the dominant contribution to the second Born amplitude will arise from the Ps(np) levels. For the present work, we will only examine the contribution from the Ps(2p) level, and therefore the leading term to the elastic T-matrix element for Psp scattering at high energies can be written as
We specifically consider the asymptotic behavior of this T-matrix element for the Lϭ0, 1, and 2 partial waves. Two calculations have been performed to illustrate the behavior of the elastic phase shifts at high energy. Both of these calculations explicitly include the rearrangement matrix element and are based on a numerical solution of the Lippmann-Schwinger equation ͓2͔. First, we have a closecoupling ͑CC͒ calculation including just the ground state of the hydrogen atom and the ground state of the positronium atom. The other calculation is expected to give a more realistic description of the Ps-p system, the H(1s), H(2s), H(2 p), Ps(1s), Ps(2s), and Ps(2 p) states are included in the CC expansion. In a notation adopted in previous works ͓2,5͔, we refer to the two-state calculation as the CC͑1,1͒ model, and the six-state calculation as the CC͑3,3͒ model. The purpose of the CC͑1,1͒ model calculation was to contrast the results with the CC͑3,3͒ calculation, and so emphasize the dominating role of the Ps(2 p) state upon Ps-p elastic scattering at high energies.
In Fig. 1 , we show the energy dependence of the Lϭ0, 1, and 2 phase shifts computed in the CC͑3,3͒ model for the positron-hydrogen entrance channel. As the energy increases, the contribution from the first Born term begins to dominate, and the phase shifts slowly decrease and eventually asymptote like ln e (k)/k as k→ϱ. It is also seen from Fig. 1 that the phase shifts for Lϭ1 and 2 are tending toward the same asymptotic limit, although the limit has not yet been reached at an energy of 400 Ry.
The energy dependence of the Lϭ0, 1, and 2 phase shifts for the Ps(1s)-proton entrance channel are shown in Fig. 2 for the CC͑1,1͒ and CC͑3,3͒ models. It is obvious that the   FIG. 1 . Lϭ0, 1, and 2 phase shifts for e ϩ -H scattering computed in the CC͑3,3͒ model.
FIG. 2.
Lϭ0, 1, and 2 phase shifts for Ps(1s)-p scattering. Since the phase shifts are all negative, the absolute value of the phase shifts are plotted on the log-log plot. Phase shifts are reported for both the CC͑1,1͒ and CC͑3,3͒ models. asymptotic behavior of the phase shift is quite different from that for the positron-hydrogen entrance channel. At an energy of 200 Ry, the Lϭ0, 1, and 2 phase shifts are all roughly the same size ͑to within 20%͒, and have the same energy dependence. It is clear that the phase shifts for both the CC͑1,1͒ and the CC͑3,3͒ models decrease more rapidly than ln(k)/k. This has implications for the integrated elastic cross section for Ps-p scattering, and this cross section decreases more rapidly than the cross section for elastic positron-hydrogen scattering at high energies ͓6͔.
It is also evident from Fig. 2 that the CC͑1,1͒ model phase shifts are decreasingly more rapidly than the CC͑3,3͒ phase shifts. The rapid decrease of the CC͑1,1͒ phase shift reveals that the contribution through H(1s) level decays very quickly, as already indicated, and will not contribute to the leading-order behavior of the phase shift for the more realistic CC͑3,3͒ model. The CC͑3,3͒ model permits excitations from the Ps(1s) state to the H(1s), H(2s), H(2 p), and Ps(2p) levels with the second Born approximation. At an energy of 200 Ry, CC͑3,3͒ calculations with and without the coupling between the positron-hydrogen and positroniumproton channels result in T-matrix elements that are different by less than 5%, substantiating our observation that the rearrangement terms can be ignored in the asymptotic analysis.
A detailed analysis of the high momentum limit of Eq. ͑3͒ has been performed for s-wave scattering. ͑It is clear from Fig. 2 that the phase shifts for the higher partial waves have the same energy dependence, and therefore the same asymptotic form at high energies.͒ It is found that the leading-order terms to the T-matrix are The leading term for imaginary part of the T matrix was determined analytically. The real part of the T-matrix element was sufficiently complicated that a numerical rather than an analytical technique was used to determine the behavior and coefficient of the leading-order term. The integrals involved can be partitioned into a sum of terms, and a number of these terms can be evaluated analytically. However, there are a number of terms involving products of logarithms that seem to be intractable. As far as we are aware, no one has succeeded in deriving an analytic expression for the second Born approximation for this matrix element at nonzero momentum transfer ͓7͔. The numerical integrations for the principal value integral were performed using a composite Gaussian mesh totaling some 70 000 points, and utilized quadrupole ͑128-bit͒ precision arithmetic, and T matrices were obtained for energies up to 10 8 Ry. The product Re(T)k 4 changes by less than 2% over the energy range from 10 6 to 10 8 Ry, and by less than a factor of 3 for the energy range from 100 to 10 8 Ry. As part of the numerical analysis, the analytically obtained asymptotic expression for the imaginary part of the T matrix was independently verified.
Converting the T matrix to a phase shift by
the leading-order term in the high-energy expression for the real part of the phase shift for s-wave scattering is
We have also checked that the results of the second Born approximation to the elastic-scattering amplitude are only slightly different from the full solution of the LippmannSchwinger equation for the CC͑3,3͒ model at 200 Ry. At this energy the phase shifts are different by less than 5%. The following considerations are important when it comes to the examination of additional dynamical effects that are omitted from our analysis. First, contributions from the manifold of positron-hydrogen channels have been shown to be unimportant at the high energies considered in this paper. Next, intermediate Ps(n1) states of even parity cannot make any contribution of the second-order Born elastic T matrix due to the parity selection rule. So, apart for the Ps(np) states, the next most important second-order contribution comes from the Ps(n f ) states. Parity selection rules also completely eliminate the third-order contribution to the T matrix ͑as long as the intermediate states exclude the positron-hydrogen channels͒. The major omission from the analysis are the ionization channels. While it is possible that the inclusion of the ionization channels might change the asymptotic form of the real part of the phase shift, it is difficult to see how the inclusion of the ionization continuum would change the asymptotic form back to an O(1/k) dependence.
To summarize, an analysis of positronium-proton elastic scattering has been performed in the CC͑3,3͒ model. It has been emphasized that the model system behavior at high energies is dominated by second Born amplitudes involving intermediate excitations to the Ps(2 p) level. The elasticscattering phase asymptotes as O(1/k 3 ) at high energies, and apart from obvious analogs such as ( ϩ Ϫ )Ϫp scattering, we know of no other quantum system that behaves in this manner.
